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a b s t r a c t
In this paper, by using the Euler–Maclaurin expansion for the zeta function and estimating
the weight function effectively, we derive an improvement of a Hilbert-type inequality
proved by B.C. Yang.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction













































where the constant pisin pip
and pq is best possible for each inequality respectively. Inequality (1.1) and inequality (1.2) led to
many papers dealing with alternative proofs, generalizations, numerous variants, and applications in analysis [1].
Recently, by introducing a parameter Yang [2] gave a generalization of inequality (1.2) with the best constant factor as
follows:























where κλ(p) = pqλ(p+λ−2)(q+λ−2) is the best possible.
In this paper, by introducing a parameter and estimating the weight coefficient, we obtain an improvement of (1.3).
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2. Some preliminary results
First, we need the following formula of the Riemann-ζ function (see [3–5]):




























where σ > 0, σ 6= 1, n, l ≥ 1, n, l ∈ N, 0 < ε = ε(σ , l, n) < 1. The numbers B1 = −1/2, B2 = 1/6, B3 = 0,
B4 = −1/30, . . . are Bernoulli numbers. In particular, ζ (σ ) =∑∞k=1 1kσ (σ > 1).
Since ζ (0) = −1/2, then the formula of the Riemann-ζ function (2.1) is also true for σ = 0.
Lemma 2.1. If p, q > 1, 1p + 1q = 1, 2−min{p, q} < λ ≤ 2, n ≥ 1 and n ∈ N, define the weight coefficients as
























ω(n, λ, p) < n1−λ
[
κ(λ)− p




ω(n, λ, q) < n1−λ
[
κ(λ)− q
3(q+ λ− 2)n q+λ−2q
]
, (2.3)
where κ(λ) = pqλ
(p+λ−2)(q+λ−2) .


























where 0 < ε1 < 1.



























where 0 < ε2 < 1.
Thus we have,
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By (2.4) and (2.5), we get














































































































p+ λ− 2 +
2− λ
12p
= − (λ− 2− 3p)(λ− 2− 2p)
12p(p+ λ− 2)
< 0.











(λ− 2− 3p)(λ− 2− 2p)
12p(p+ λ− 2) −
pλ+ 2q
12pq
= q(λ− 2− 3p)(λ− 2− 2p)− (pλ+ 2q)(p+ λ− 2)
12pq(p+ λ− 2)
= q(λ− 2)





≥ −(2p+ 2q)+ 6pq
12q(p+ λ− 2) =
p
3(p+ λ− 2) .
Using the last result and the inequality for ω(n, λ, p) above, we obtain (2.2).
In a similar way, we can prove (2.3). 
3. Main results




















































3(q+ λ− 2)n q+λ−2q
]
n1−λapn, (3.2)
where κ(λ) = p qλ
(p+λ−2)(q+λ−2) > 0.


































































Hence, By (2.2), (2.3), inequality (3.1) holds.







































































































By Lemma 2.1, the proof of Theorem 3.1 is completed. 
Since p, q > 1, by Theorem 3.1, we have




















































3(q+ λ− 2)n q+λ−2q
]
n1−λapn, (3.4)
where κ(λ) = p qλ
(p+λ−2)(q+λ−2) > 0.
Taking λ = 1, p = q = 2 in (3.1), we have:
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